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SUMMARY 

A d i r e c t  s o l u t i o n  procedure f o r  computing t h e  f l u t t e r  Mach number and t h e  
f l u t t e r  f requency i s  a p p l i e d  t o  the a e r o e l a s t i c  a n a l y s i s  o f  propfans u s i n g  a 
f i n i t e  element s t r u c t u r a l  model and an unsteady aerodynamic model based on a 
three-dimensional  subsonic compressible l i f t i n g  sur face  theory.  An approx i -  
mat ion t o  t h e  Jacobian m a t r i x  t h a t  improves t h e  e f f i c i e n c y  of  t h e  i t e r a t i v e  
process i s  presented. The Jacobian m a t r i x  i s  i n d i r e c t l y  approximated from 
approximate d e r i v a t i v e s  o f  t h e  f l u t t e r  m a t r i x .  Examples a r e  used t o  i l l u s -  
t r a t e  t h e  convergence p r o p e r t i e s .  The d i r e c t  s o l u t i o n  procedure f a c i l i t a t e s  
t h e  automated f l u t t e r  a n a l y s i s  i n  a d d i t i o n  to  c o n t r i b u t i n g  t o  t h e  e f f i c i e n t  
use o f  computer t ime as w e l l  as the a n a l y s t ' s  t ime.  

INTRODUCTION 

F l u t t e r  o f  propfans and o t h e r  types o f  turbomachinery b l a d i n g  i s  an impor- 
t a n t  phenomenon t h a t  has generated considerable i n t e r e s t .  F l u t t e r  p r e v e n t i o n  
has been a s i g n i f i c a n t  f a c t o r  i n  t h e  des ign of p rop fan  b lades.  F l u t t e r  preven- 
t i o n  i s  a l s o  s i g n i f i c a n t  for  turbomachinery, p a r t i c u l a r l y  fo r  unshrouded 
b lades.  A s  a r e s u l t ,  a comprehensive f l u t t e r  a n a l y s i s  procedure for r o t a t i n g  
b lade systems i n c o r p o r a t i n g  general  m is tun ing  and t h r e e  dimensional  subsonic 
aerodynamics i s  be ing  developed a t  the NASA Lewis Research Center ( r e f s .  1 
t o  3). 

Research on t h e  a e r o e l a s t i c  behavior o f  propfans has progressed from b o t h  
t h e  s t r u c t u r a l  and the  aerodynamic v iewpoints .  Because of  t h e  complex geome- 
t r y  o f  t h e  propfan,  s t r u c t u r a l  modeling has s h i f t e d  from an i n i t i a l  beam model 
( r e f .  4)  to advanced f i n i t e  element models ( r e f s .  2,  3,  5, and 6). Aerody- 
namic models evolved from two-dimensional l i f t i n g  l i n e  t h e o r y  ( r e f s .  2 and 7) 
t o  three-dimensional  l i f t i n g  sur face theory  ( r e f .  8 ) .  Development o f  aerody- 
namic models w i t h  supersonic,  t ranson ic ,  and separated flow e f f e c t s  i s  a l s o  a 
c o n t i n u i n g  e f f o r t  a t  p resent .  A e r o e l a s t i c  a n a l y s i s  of propfans ( r e f s .  2 t o  5 
and 9) has k e p t  pace w i t h  developments i n  s t r u c t u r a l  and aerodynamic model ing.  
Comparisons w i t h  exper imental  da ta  ( r e f s .  2 ,  3 ,  and 10) have r e s u l t e d  i n  rea-  
sonable conf idence i n  a n a l y t i c a l  p r e d i c t i o n s .  
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With the  recent  advances i n  computer technology,  automated des ign  o f  prop- 
f a n  and turbomachinery blades u s i n g  o p t i m i z a t i o n  techniques has become p r a c t i -  
c a l .  E f fo r t s  i n  t h i s  d i r e c t i o n  have a l r e a d y  begun ( r e f s .  1 1  t o  15).  Design 
o p t i m i z a t i o n  employing f l u t t e r  c o n s t r a i n t s  r e q u i r e s  repeated s o l u t i o n  o f  t h e  
a e r o e l a s t i c  equat ions o f  mot ion t o  o b t a i n  t h e  f l u t t e r  parameters as t h e  des ign 
i s  updated. 
t ime,  an automated f l u t t e r  a n a l y s i s  c a p a b i l i t y  i s  e s s e n t i a l .  I t  i s  a l s o  d e s i r -  
a b l e  for  the  ana lys is  t o  be c o m p u t a t i o n a l l y  e f f i c i e n t  i n  o r d e r  to  keep t h e  cen- 
t r a l  p rocess ing  u n i t  (CPU) t ime and t h e  turnaround t i m e  w i t h i n  reasonable 
l i m i t s .  

For t h e  o p t i m i z a t i o n  t o  be performed i n  a r e a l i s t i c  p e r i o d  o f  

The convent ional  f l u t t e r  a n a l y s i s  procedure,  based on t h e  k-method 
( r e f .  1 6 > ,  casts  the  equat ions o f  mot ion as a complex l i n e a r  e igenvalue prob- 
iem where t n e  rea i  ana imaginary p a r t s  o f  the  e igenvalue are t h e  e f f e c t i v e  
damping and frequency r e s p e c t i v e l y  o f  the  a e r o e l a s t i c  s y s t e m .  
c o n s i s t s  o f  an inner-outer  i t e r a t i o n  l o o p  to  o b t a i n  the  f l u t t e r  Mach number and 
f requency.  The inner  i t e r a t i o n  l o o p  matches t h e  assumed f requency t o  t h e  c a l -  
c u l a t e d  frequency w h i l e  the  o u t e r  loop  i t e r a t e s  on t h e  Mach number t o  o b t a i n  a 
z e r o  e f f e c t i v e  damping. 

The s o l u t i o n  

A s tumbl ing b l o c k  i n  the  development of a r e l i a b l e  automated procedure has 
P r e v i -  been t h e  need t o  t r a c k  severa l  e igenvalues through p o s s i b l e  crossovers.  

ous e f f o r t s  i n  the development o f  automated f l u t t e r  a n a l y s i s  procedures for  
f i x e d  wings attempted t o  overcome t h i s  d i f f i c u l t y  i n  two ways. 
e igenvalue d e r i v a t i v e  i n f o r m a t i o n  to  p r e d i c t  t h e  crossovers and then keep t r a c k  
o f  them d u r i n g  the i t e r a t i o n  ( r e f s .  17 and 18). Apar t  from be ing  cumbersome, 
t h i s  procedure requ i red  t h e  d e r i v a t i v e s  o f  t h e  aerodynamic f o r c e  c o e f f i c i e n t s  
w i t h  respec t  t o  Mach number and assumed frequency. The o t h e r  development was 
t o  use an accurate approx imat ion t o  t h e  e igenvalue which would r e t a i n  t h e  con- 
t i n u i t y  o f  t h e  eigenvalues over  t h e  d e s i r e d  range o f  Mach number and assumed 
frequency ( r e f .  19).  Th is  l a t t e r  method i s  s u s c e p t i b l e  t o  t h e  accuracy and 
t h e  r e l i a b i l i t y  o f  the approx imat ion over  a wide range and r e q u i r e s  c a r e f u l  

One was t o  use 

m o n i t o r i n g .  I i  addit ion' , '  the  inner -ou ter  i t e r a t i o n  loop i n  t h e  convent iona l  
procedure i s  computat ional ly  expensive.  The i n n e r  loop i n v o l v e s  the  computa 
t i o n  o f  the mat r ix  of  aerodynamic c o e f f i c i e n t s  and the  s o l u t i o n  o f  a complex 
e igenvalue problem. 
v o l v i n g  s t r u c t u r a l  and/or aerodynamic mis tun ing .  

Th is  can degrade e f f i c i e n c y ,  p a r t i c u l a r l y  f o r  problems 

The Dresent work explores an e f f i c i e n t  and automated procedure which 

n- 

rep laces  t h e  c o s t l y  inner -ou ter  double i t e r a t i o n  loop w i t h  a s i n g l e  i t e r a t i o n  
loop.  The need to  t r a c k  the  e igenvalues i s  a l s o  avoided. Th is  i s  accom- 
p l i s h e d  by v iewing the  f l u t t e r  problem as a complex i m p l i c i t  double e igenvalue 
problem and d i r e c t l y  s o l v i n g  f o r  t h e  f l u t t e r  Mach number and t h e  f l u t t e r  f r e -  
quency by a quasi-Newton determinant  i t e r a t i o n .  The f l u t t e r  e igenvalues a r e  
never c a l c u l a t e d  and t h e  avoidance o f  e igenvalue t r a c k i n g  makes t r u e  automa- 
t i o n  p o s s i b l e .  An accurate approx imat ion t o  t h e  Jacobian m a t r i x  which makes 
t h e  i t e r a t i v e  process very  e f f i c i e n t  i s  a new f e a t u r e  o f  the  present  procedure 
The proposed procedure i s  t e s t e d  by a p p l y i n g  i t  to  t h e  f l u t t e r  a n a l y s i s  of a 
p rop fan  model a t  a number of  r o t a t i o n a l  speeds. 

While the  idea of d i r e c t  s o l u t i o n  o f  the  f l u t t e r  equat ion  i s  n o t  new 
( r e f s .  16, 20, and 21) ,  i t  has n o t  been very  popu lar .  One reason may be t h a t  
the  a l t e r n a t i v e  s o l u t i o n ,  i n v o l v i n g  f l u t t e r  e iaenvalues,  has more p h y s i c a l  
appeal. However, the impera t ives  o f  
i n g  the  computational expense o f  an 

automat i  n i  the  f 1 u t t e r  anal  y s i  s- and reduc- 
nner-outer i t e r a t i o n  loop make t h e  d i r e c t  
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s o l u t i o n  more a t t r a c t i v e .  Some prev ious a p p l i c a t i o n s  o f  d i r e c t  s o l u t i o n  o f  
f l u t t e r  equat ions by determinant  i t e r a t i o n  considered h i g h l y  s i m p l i f i e d  aerody- 
namic models. No r e s u l t s  a re  a v a i l a b l e  on the  convergence and e f f i c i e n c y  o f  
the  d i r e c t  s o l u t i o n  procedure cons ider ing  more complex models such as ke rne l  
f u n c t i o n  aerodynamics, the  computat ional  expense o f  which makes such issues 
paramount. One of the o b j e c t i v e s  of t h i s  paper i s  t o  p rov ide  such r e s u l t s .  

The present  procedure a l s o  improves upon the  p r e v i o u s l y  pub l i shed d i r e c t  
s o l u t i o n  techniques of Hassig ( r e f .  16) and Cardani and Mantegazza ( r e f .  21). 
Hassig ( r e f .  16) uses a secant-based determinant  i t e r a t i o n  t o  o b t a i n  the  
matched f l u t t e r  frequency and approximate s u b c r i t i c a l  r a t e  o f  decay whereas 
the  present  procedure o b t a i n s  bo th  the matched f l u t t e r  Mach number and the  
matched f l u t t e r  f requency by a more e f f i c i e n t  implementat ion o f  determinant  
i t e r a t i o n .  Cardani and Mantegazza ( r e f .  21) so lve  the f u l l  s e t  of  non l i nea r  
equat ions of mot ion w i thou t  us ing  determinant i t e r a t i o n  t o  o b t a i n  the  matched 
values o f  f l u t t e r  Mach number, f l u t t e r  f requency and the  f l u t t e r  mode s imu l ta -  
neously.  
so lved t o  o b t a i n  the f l u t t e r  p o i n t  and the  f l u t t e r  mode i s  ob ta ined very  e f f i -  
c i e n t l y  w i t h  the  in fo rmat ion  a v a i l a b l e  from the f i n a l  i t e r a t i o n .  The Jacobian 
approx imat ion and the d i r e c t  s o l u t i o n  procedure presented here are  a p p l i c a b l e  
t o  any a e r o e l a s t i c  s t a b i l i t y  ana lys i s ,  i n c l u d i n g  f i x e d  wing, i n  a s t r a i g h t f o r -  
ward manner. 

I n  the  procedure developed here ,  o n l y  two non l i nea r  equat ions are  

The Jacobian approximat ion i s  a l s o  g e n e r a l l y  a p p l i c a b l e  t o  de te r -  
i t e r a t i o n  i n  any a p p l i c a t i o n .  

NOMENCLATURE 

genera l i zed  aerodynamic f o r c e  m a t r i x  

system f l u t t e r  m a t r i x  

system f l u t t e r  determinant  

r e a l  p a r t  o f  the  f l u t t e r  determinant 

imaginary p a r t  o f  the f l u t t e r  determinant  

Jacobian m a t r i  x 

counter  used i n  determinant  i t e r a t i o n  

genera l i zed  s t i f f ness  m a t r i x  

Mach number 

f l u t t e r  Mach number 

genera l i zed  mass m a t r i x  

MF(k-1) - MF(k) 

f l u t t e r  mode o f  v i b r a t i o n  

genera l i zed  coord ina te  vec tor  
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t t i m e  

B0.75R b lade s e t t i n g  angle a t  th ree-quar te r  r a d i u s  

or r - t h  in te r -g roup phase angle 

n r o t a t i o n a l  speed of  the  prop fan  

0 frequency of  v i b r a t i o n  

OF f l u t t e r  f requency 

FORMULATION OF THE FLUTTER ANALYSIS PROBLEM 

The computat ional  procedure to  be presented i s  a p p l i e d  to the  a n a l y t i c a l  
f o r m u l a t i o n  descr ibed i n  d e t a i l  i n  re fe rences  2 and 3. Th is  f o r m u l a t i o n  i s  
a p p l i c a b l e  t o  the f l u t t e r  ana lys i s  o f  a s i n g l e  r o t o r  propfan c o n t a i n i n g  an 
a r b i t r a r y  number o f  b lades r o t a t i n g  a t  a f i x e d  speed i n  an a x i a l  f l o w .  The 
s t r u c t u r e  i s  modeled by f i n i t e  elements. The aerodynamic model ( r e f .  8) i s  
based on a three-dimensional  subsonic compressible l i f t i n g  sur face  theory .  

For s i m p l i c i t y ,  the  e f f e c t  o f  steady deformat ions due to  aerodynamic loads 
on the f l u t t e r  boundary i s  neglected.  The error in t roduced by i g n o r i n g  the  
steady aerodynamic deformat ions i s  s tud ied  i n  re fe rence 2 and i s  shown to  be 
smal l  enough t o  produce an approximate f l u t t e r  p o i n t .  I n  p a r t i c u l a r ,  the  
e f f e c t  o f  t h e  steady aerodynamic deformat ions on the f l u t t e r  Mach number i s  
n o t  very  s i g n i f i c a n t .  Thus, the  approximate f l u t t e r  a n a l y s i s  n e g l e c t i n g  steady 
aerodynamic deformat ions i s  s u i t a b l e  for  use i n  des ign o p t i m i z a t i o n  procedures 
r e q u i r i n g  repeated e f f i c i e n t  execut ion  o f  the  f l u t t e r  ana lys i s .  
design can be e a s i l y  checked for  the  f l u t t e r  c o n d i t i o n  by us ing  the  r e f i n e d  
f l u t t e r  a n a l y s i s  w i t h  steady deformat ions and the convent ional  procedure.  

d i s t r i b u t e d  about a r i g i d  d i s k .  The l i n e a r i z e d  a e r o e l a s t i c  equat ions o f  
mot ion are then uncoupled f o r  d i f f e r e n t  in te r -g roup phase angle modes. The 
f l u t t e r  Mach number for the  propfan i s  then the lowest  Mach number a t  which 
one o f  the i n te rg roup  phase angle modes becomes uns tab le .  For a g iven i n t e r -  
group phase angle or, the  equat ions o f  mot ion,  a f t e r  modal t rans format ion ,  
can be w r i t t e n  i n  the form ( r e f .  3 ) :  

The op t ima l  

The prop fan  i s  assumed t o  'have i d e n t i c a l  groups of blades symmet r ica l l y  

where [ M g l  i s  the genera l i zed  mass m a t r i x ,  [ K g l  i s  the  genera l i zed  s t i f f -  
ness m a t r i x ,  {q} the  genera l i zed  coord ina te  vec to r  and CA(M,w)l  the genera l -  
i z e d  aerodynamic m a t r i x  for a group of b lades. 
CA(M,w) l  For 
f u l l  d e t a i l s  o f  the c o n s t r u c t i o n  of these q u a n t i t i e s ,  the  reader  i s  r e f e r r e d  
t o  re fe rences  2 and 3. 

The aerodynamic m a t r i x  
i s  u s u a l l y  v a l i d  o n l y  for  s imple harmonic mot ion of the  a i r f o i l .  
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For simple harmonic mot ion,  

Equat ion (1)  now leads t o  

(-o2CMg1 + CKgl - [A(M,w)l)(qo} = (0) (3)  

The convent ional  procedure for o b t a i n i n g  t h e  f l u t t e r  Mach number and f r e -  
quency, o u t l i n e d  i n  references 2 and 3 and i l l u s t r a t e d  i n  f i g u r e  1 (reproduced 
from r e f .  2 i g n o r i n g  the  computat ion o f  steady deformations due to aerodynamic 
loads) ,  i s  as follows. The aerodynamic m a t r i x  i s  evaluated a t  an assumed Mach 
number and an assumed f requency and then equat ion  ( 3 )  i s  so lved for  a l l  t h e  
e igenvalues,  ~ 2 .  
gram c a l  l e d  ASTROP3. I n  genera l ,  these eigenvalues are  complex. The r e a l  and 
imaginary p a r t s  of  i o  r e p r e s e n t  t h e  e f f e c t i v e  damping and frequency, respec- 
t i v e l y .  The assumed frequency i s  v a r i e d  u n t i l  i t  i s  equal t o  t h e  f requency 
corresponding to the  e igenvalue w i t h  the l e a s t  e f f e c t i v e  damping. 
quency matching forms t h e  i n n e r  i t e r a t i o n .  When t h i s  i t e r a t i o n  reaches conver- 
gence, t h e  Mach number i s  v a r i e d  u n t i l  t h e  e f f e c t i v e  damping o f  t h e  e igenvalue 
corresponding t o  t h e  matched frequency i s  equal t o  zero.  Th is  forms t h e  o u t e r  
i t e r a t i o n .  
t h e  convergence o f  t h e  o u t e r  i t e r a t i o n .  

This  procedure has been implemented fo r  propfans i n  a pro- 

Th is  f r e -  

The f l u t t e r  Mach number and the  f l u t t e r  frequency are  ob ta ined a t  

The convent ional  procedure cannot be r e l i a b l y  automated because i t  
r e q u i r e s  the  p r e s e r v a t i o n  o f  t h e  i d e n t i t y  or o r d e r i n g  o f  t h e  e igenvalues over  
a wide range of assumed f requenc ies  and Mach numbers. 
t i n e s  do n o t  compute the  e igenvalues i n  any p a r t i c u l a r  o r d e r  and t h e  s o r t i n g  
of e igenvalues by f requency or magnitude does n o t  u s u a l l y  preserve t h e  cont inu-  
i t y .  Loss o f  c o n t i n u i t y  necess i ta tes  user i n t e r v e n t i o n  and compl icates the  
automated a n a l y s i s .  

Most e i g e n s o l u t i o n  rou-  

I n  o r d e r  to  a l l e v i a t e  these problems, a d i r e c t  s o l u t i o n  o f  equat ion  ( 3 )  
viewed as an i m p l i c i t  double eigenvalue problem i s  proposed and descr ibed 
below. 

DIRECT SOLUTION OF THE FLUTTER EQUATION 

When t h e  dependence o f  t h e  aerodynamic m a t r i x  on t h e  assumed Mach number 
and frequency i s  considered e x p l i c i t l y ,  equat ion  (3)  can be viewed as an 
i m p l i c i t  double e igenvalue problem. If MF i s  the  f l u t t e r  Mach number and 
OF t h e  f l u t t e r  f requency, then equat ion ( 3 )  leads t o  

I n  genera l ,  t h e  aerodynamic matrix [A(MF,UF)I  i s  a t ranscendenta l  func-  
t i o n  o f  t h e  assumed frequency and Mach number. MF and OF are  t h e  two eigen- 
va lues of  equat ion ( 4 ) .  Only r e a l  values of MF and OF a r e  o f  i n t e r e s t .  
The two eigenvalues MF and WF are coupled s ince  t h e  aerodynamic m a t r i x  i s  
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complex. Cardani and Mantegazza ( r e f .  21) proposed a d i r e c t  s o l u t i o n  o f  equa- 
t i o n  ( 4 )  and a normal iz ing  c o n d i t i o n ,  t r e a t i n g  MF, WF and t h e  components o f  
{qO} as unknowns. For a n o n t r i v i a l  f l u t t e r  mode, we have t h e  c h a r a c t e r i s t i c  
equat ion  

L e t  

where DR and DI a r e  t h e  r e a l  and t h e  imaginary p a r t s  o f  t h e  c h a r a c t e r i s t i c  
determinant  D r e s p e c t i v e l y .  Then, a t  f l u t t e r  c o n d i t i o n ,  

Equat ions (7) c o n s i s t  of two equat ions i n  two unknowns, MF and W F .  

These equat ions can be so lved by any of the  methods for s o l v i n g  a system o f  
n o n l i n e a r  equat ions.  When equat ions ( 7 )  are so lved for  MF and UF, equa- 
t i o n  ( 4 )  i s  s a t i s f i e d  and no f u r t h e r  i t e r a t i o n s  are  r e q u i r e d  for  the  purpose 
o f  matching assumed and computed q u a n t i t i e s .  Th is  procedure i s  i l l u s t r a t e d  i n  
f i g u r e  2. Once MF and OF are  found, inverse  i t e r a t i o n  can be used to  f i n d  
t h e  f l u t t e r  mode. 

I n  c o n t r a s t  to  t h e  convent ional  procedure, t h e  d i r e c t  s o l u t i o n  o u t l i n e d  
here e l i m i n a t e s  the need t o  t r a c k  eigenvalues t o  determine t h e  f l u t t e r  p o i n t .  
I n  a d d i t i o n  t o  t h i s  impor tan t  b e n e f i t ,  the double i t e r a t i o n  on t h e  complex 
e i g e n s o l u t i o n  i s  rep laced by a s i n g l e  s o l u t i o n  o f  a system o f  two r e a l  n o n l i n -  
ear  equat ions.  The Mach number and frequency are v a r i e d  s imu l taneous ly  i n  
t h i s  procedure r a t h e r  than one a t  a t i m e  as i n  t h e  convent ional  procedure.  
Thus the  f l u t t e r  Mach number and the  f l u t t e r  f requency are  determined 
s i  mu1 taneous 1 y . 

The formulat ion o f  a t ranscendenta l  double e igenvalue problem i n  p r e f e r -  
ence t o  a l i n e a r  s i n g l e  e igenvalue problem may seem t o  defeat t h e  o b j e c t i v e  o f  
increased e f f i c i e n c y ,  even i f  i t  i s  more s u i t a b l e  for automat ion. However, 
the  p r i c e  t o  be p a i d  i s  n o t  as g r e a t  as i t  may seem because t h e  t ranscendenta l  
e igenvalue problem needs t o  be so lved fo r  o n l y  one s e t  of e igenvalues i n  most 
cases, whereas the l i n e a r  e igenvalue problem has t o  be r e p e a t e d l y  so lved f o r  
a l l  the  eigenvalues which equal i n  number to  the  number of assumed mode shapes. 

NUMERICAL SCHEME FOR DIRECT SOLUTION 

Equat ions (7) may be so lved for  MF and WF by Newton's method. The 
i t e r a t i v e  scheme for  Newton's method i s  
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where k i s  the i t e r a t i o n  number and i s  the  
g iven by 

Jacobian m a t r i x  and i s  

(9) 

The Jacobian [ J k l  i s  expensive t o  compute because the  e v a l u a t i o n  o f  the  
aerodynamic m a t r i x  [Ak] i s  computa t iona l l y  i n t e n s i v e .  Several quasi-Newton 
a lgo r i t hms  which approximate t h e  Jacobian i n  va r ious  ways a r e  a v a i l a b l e .  I n  
the fo l l ow ing ,  a quasi-Newton a lgo r i t hm i s  proposed t h a t  i s  more e f f i c i e n t  than 
the c u r r e n t l y  a v a i l a b l e  a lgo r i t hms  f o r  the  de te rm ina t ion  o f  the f l u t t e r  Mach 
number and the  f l u t t e r  f requency.  The numerical  scheme i s  based on the  hypoth- 
e s i s  t h a t  approx imat ing the  d e r i v a t i v e s  of  the  f l u t t e r  m a t r i x  1Bkl p rov ides  a 
more accura te  approx imat ion to the  Jacobian m a t r i x  CJkl than d i r e c t l y  approx- 
ima t ing  the d e r i v a t i v e s  o f  the c h a r a c t e r i s t i c  determinant .  The numer ica l  
scheme based on t h i s  hypothes is  approaches the  Newton's method i n  i t s  super io r  
convergence c h a r a c t e r i s t i c s  wi th  the  same cos t  per  i t e r a t i o n  as the  secant 
m e t  hod. 

The i t e r a t i v e  scheme o f  equat ion (8 )  i s  f i r s t  t ransformed i n  o rde r  to  
e x p l i c i t l y  determine the  r e l a t i o n  between the d e r i v a t i v e s  o f  the cha rac te r i s -  
t i c  determinant  and those o f  the  f l u t t e r  m a t r i x .  
employing t h e  f o l l o w i n g  remarkable r e s u l t ,  known as the  Trace theorem, proved 
by Lancaster ( r e f .  2 2 ) :  
t i o n s  o f  5 ,  then for  any 5 for  which the  c h a r a c t e r i s t i c  determinant  
D ( 5 )  # 0, 

This  i s  accomplished by 

I f  the  elements o f  CB(2) I  a re  d i f f e r e n t i a b l e  func-  

0.5 = D t r a c e  o f  ( IB I -1  IB1,g) (10) 

When 5 i s  success ive ly  s e t  t o  MF and UF, equat ion  (10) leads t o  

( 1 1 )  

where 
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The i t e r a t i v e  fo rmula  of equa t ion  (12) does n o t  r e q u i r e  t h e  de terminant  o f  
t h e  c o e f f i c i e n t  m a t r i x  CBkl of t h e  f l u t t e r  equa t ion  (4 ) .  However, c~k1-1 i s  
r e q u i r e d  t o  compute g,MF and g,(,)F' The computat ional  c o s t  for  t h e  i n v e r s i o n  
o f  CBkl i s  u s u a l l y  n e g l i g i b l e  i n  comparison t o  t h a t  o f  fo rm ing  the  m a t r i x  
[Bkl.  

reason ing  s i m i l a r  t o  t h a t  employed i n  d e r i v i n g  Broyden's method ( r e f .  23).  

approximated i n  t h e  d i r e c t i o n  o f  the  l a s t  move t o  s a t i s f y  

The d e r i v a t i v e s  [ B k l , ~ ~  and CBkl,,F are approximated by f o l l o w i n g  a 

L e t  AMk = MF(k-1) - MF(k) and h k  = WF(k-1) - W F ( k ) .  The d e r i v a t i v e s  a re  

and a re  assumed to be unchanged i n  the  d i r e c t i o n  or thogona l  to  the  l a s t  move 
and t h i s  impl ies 

for  any MF and WF s a t i s f y i n g :  

(MF - MF(k)) AMk + ( W F  - WF(k )>  h k  = 0 

Equations (14) and (15) are solved to  o b t a i n  

I t  was expected t h a t  equat ions (131, i n  c o n j u n c t i o n  w i t h  equat ions (16) 
and (171, approximate the Jacobian m a t r i x  a c c u r a t e l y  enough t o  o b v i a t e  the  
need t o  update the Jacobian i n  t h e  e n t i r e  range o f  convergence. 
t he  nex t  sec t i on  show t h a t  t h i s  i s  indeed the  case for  the examples s tud ied ,  
even when l a r g e  moves w e r e  made d u r i n g  the  i t e r a t i o n .  

Resu l ts  i n  

The proposed numerical scheme for  d i r e c t  s o l u t i o n  o f  the f l u t t e r  equa t ion  
i s :  

(1)  Obta in  i n i t i a l  es t imates  MF(o) and W F ( O )  for  the  f l u t t e r  Mach 
number and f l u t t e r  f requency. 

( 2 )  Obta in  i n i t i a l  es t imates  for  the  d e r i v a t i v e s  [ B o l , ~ ~  and 
These are bes t  ob ta ined by computing f i n i t e  d i f f e r e n c e  approximat ions.  

(3)  Compute new es t imates  MF(k+l) and W F ( k + l ) ,  k = 0, 1 ,  2, ... u s i n g  
equat ion  (12).  



( 4 )  Test  for  convergence and stop i f  converged. 

(5) Increment k = k + 1.  

(6) Compute updated d e r i v a t i v e s  [ B k l , ~ ~  and [Bkl,,F us ing  
equat ions (16) and (17). 

(7 )  Repeat from step 3. 

LBkl-1 from the f i n a l  i t e r a t i o n  of the  above procedure can be used i n  an 
i nve rse  i t e r a t i o n  scheme to determine the f l u t t e r  mode a t  l i t t l e  a d d i t i o n a l  
cos t .  Thus, i f  {qOF} i s  the  requ i red  f l u t t e r  mode and { v }  i s  any v e c t o r  
t h a t  i s  n o t  t o t a l l y  d e f i c i e n t  i n  
scheme i s  used t o  o b t a i n  the  f l u t t e r  mode: 

{qOF}, then the  f o l l o w i n g  inverse  i t e r a t i o n  

Normal ly,  one s tep o f  the inverse i t e r a t i o n  scheme i s  s u f f i c i e n t  t o  o b t a i n  
f l u t t e r  mode w i t h i n  a reasonable accuracy. 

RESULTS AND DISCUSSION 

To demonstrate the  c u r r e n t  procedure, f l u t t e r  boundary c a l c u l a t i o n s  were 
performed for  two c o n f i g u r a t i o n s  o f  propfan r o t o r s  descr ibed i n  re fe rences  2 
and 3. The first c o n f i g u r a t i o n  cons is ts  o f  e i g h t  i d e n t i c a l  b lades, des ignated 
SR3C-X2, made o f  graphite-ply/epoxy-matrix m a t e r i a l .  The second c o n f i g u r a t i o n  
i s  an a l t e r n a t e l y  mistuned rotor w i t h  e i g h t  blades. The r o t o r  was cons t ruc ted  
by a l t e r n a t e l y  mounting two s e t s  of composite b lades.  The f i r s t  s e t  o f  f o u r  
blades, SR3C-X2, are the  same as those on the  rotor o f  the  f i r s t  c o n f i g u r a t i o n .  
The second s e t  o f  b lades,  SR3C-3, are i d e n t i c a l  to the  f i r s t  s e t  except  for  the  
p l y  angles o f  the composite m a t e r i a l .  
reader  i s  r e f e r r e d  t o  re fe rences  2 and 3 .  I n  t h i s  r e p o r t ,  the  f i r s t  con f i gu ra -  
t i o n  i s  c a l l e d  the tuned rotor and t h e  second c o n f i g u r a t i o n  the mistuned rotor. 

For d e t a i l s  on the  b lade models, the 

To v a l i d a t e  the c u r r e n t  procedure and the  computer program, f l u t t e r  bound- 
a r i e s  were ca l cu la ted  a t  va r ious  r o t a t i o n a l  speeds for bo th  the tuned and m i s -  
tuned r o t o r s .  
s o l u t i o n  d i d  n o t  change t o  f o u r  s i g n i f i c a n t  d i g i t s  i n  successive i t e r a t i o n s .  
Dur ing the  i t e r a t i o n  process, the value of  the  Mach number sometimes tu rned 
o u t  t o  be supersonic a t  the  t i p .  No aerodynamic a n a l y s i s  can be performed a t  
such Mach numbers us ing  the  c u r r e n t  aerodynamic model. When such in te rmed ia te  
s o l u t i o n s  ( i n c l u d i n g  those i n v o l v i n g  negat ive  Mach numbers) arose, the  move 
l e n g t h  was c u t  i n  steps o f  80 percent u n t i l  an acceptable Mach number was 
obta ined.  This  technique was found to be e f f e c t i v e  i n  d r i v i n g  the  s o l u t i o n  to  
the  des i red  range w i thou t  an excessive p e n a l t y  i n  the  number o f  i t e r a t i o n s .  
The r e s u l t s  ob ta ined w i t h  the present procedure s t a r t i n g  w i t h  va r ious  i n i t i a l  
guesses a re  compared w i t h  the "exact"  f 1 u t t e r  boundar les ob ta ined us ing  the  
convent ional  procedure, a t  two r o t a t i o n a l  speeds each for  tuned and m i  stuned 
r o t o r s .  The f l u t t e r  boundaries are i n  e x c e l l e n t  agreement for  these cases, 
thus v a l i d a t i n g  the  accuracy o f  the  procedure and the  convergence c r i t e r i a .  

Convergence was considered t o  have been ob ta ined when the  
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The t y p i c a l  progress of i t e r a t i o n ,  for the  i n i t i a l  guesses for f l u t t e r  
Mach number and f l u t t e r  frequency o f  0.5 and 310 Hz r e s p e c t i v e l y ,  w i t h  the  
present  d i r e c t  s o l u t i o n  procedure and the  convent iona l  procedure,  i s  shown i n  
t a b l e  I. Note t h a t  the convent iona l  procedure r e l i e s  on user  i n t e r a c t i o n  and 
judgment. 
t y p i c a l .  
i s  a l s o  more e f f i c i e n t  as evidenced by the  cons ide rab ly  sma l le r  number o f  
ana lys i s  steps. 
reduced us ing  the present  procedure.  

The progress of i t e r a t i o n  shown for the  convent iona l  procedure i s  
The cu r ren t  procedure,  i n  a d d i t i o n  t o  be ing  su i  t a b l e  for  automat ion, 

Thus bo th  the  CPU t ime and a n a l y s t  man-hours a re  cons ide rab ly  

To judge the accuracy o f  the  approximate Jacobian, t he  n o n l i n e a r  equa- 
t i o n s  ( 7 )  were solved by Newton's method, t h e  present  numer ica l  procedure and 
by a l t e r n a t e  quasi-Newton methods such as the  m u l t i - p o i n t  secant method 
( r e f .  24) (implemented i n  IMSL r o u t i n e  ZSCNT), m o d i f i e d  P o w e l l ' s  a l g o r i t h m  
(implemented i n  IMSL r o u t i n e  ZSPOW) and by Broyden's method ( r e f .  23). For the  
cases tes ted ,  the present  procedure outperformed a1 1 t h r e e  a1 t e r n a t e  methods 
i n  t e r m s  o f  e f f i c i e n c y .  F igures  3, 4, and 5 i l l u s t r a t e  the  convergence behav- 
ior  o f  the cu r ren t  procedure i n  comparison t o  Newton's method and the  m u l t i -  
p o i n t  secant method. For the  cases shown, the  "exac t "  f l u t t e r  Mach number was 
0.641 and the "exact"  f l u t t e r  frequency was 294 Hz. Even though the  charac ter -  
i s t i c  determinant Dk i s  never c a l c u l a t e d  i n  the  c u r r e n t  procedure,  the  v a r i a -  
t i o n  o f  the absolute va lue of Dk w i t h  each i t e r a t i o n  i s  shown i n  f i g u r e  3 for  
comparison w i t h  the Newton's method and the  secant method. The i n i t i a l  values 
for  MF and OF were 0.65 and 330 Hz r e s p e c t i v e l y .  The determinant  va lue  has 
been scaled so t h a t  1.0 5 ID01 5 10.0. 
us ing  the  cu r ren t  numerical  procedure c l o s e l y  resembles t h a t  o f  the  Newton's 
method i n d i c a t i n g  the  accuracy of the  approx imat ion proposed here for  the  
Jacobian m a t r i x .  I n  c o n t r a s t ,  the secant approx imat ion for  the  Jacobian 
m a t r i x  almost doubles the number o f  i t e r a t i o n s  r e q u i r e d  for convergence i n  
t h i s  case. 

I t  i s  seen t h a t  the  i t e r a t i o n  h i s t o r y  

The range of  convergence i s  an impor tan t  f a c t o r  i n  any i t e r a t i v e  proce- 
dure s ince i t  has an impor tan t  e f f e c t  on how c l o s e l y  t h e  i n i t i a l  s o l u t i o n  must 
approximate the  f i n a l  s o l u t i o n .  F igure  4 shows the  number o f  f l u t t e r  m a t r i x  
eva lua t ions  requ i red  for  convergence for  va r ious  i n i t i a l  guesses for  MF and 
a f i x e d  i n i t i a l  guess for OF = 310 Hz. The range o f  Mach number convergence 
i s  seen t o  be from MF = 0.2 t o  MF = 0.8. F igu re  5 s i m i l a r l y  shows the 
number o f  f l u t t e r  m a t r i x  eva lua t i ons  r e q u i r e d  for  convergence f o r  a f i x e d  i n i -  
t i a l  guess for  MF of 0.65 and var ious  i n i t i a l  guesses for OF. The frequency 
range o f  convergence w i t h  the  c u r r e n t  procedure, OF = 230 Hz t o  OF = 350 Hz, 
i s  seen t o  be s l i g h t l y  l a r g e r  than t h a t  w i t h  the  secant method. From these 
f i g u r e s ,  i t  can be s ta ted  t h a t  the present  procedure has a l a r g e  r a d i u s  o f  
convergence. 

The r e s u l t s  ob ta ined show t h a t  a f a i r  i n i t i a l  guess would converge to the 
"exact"  f l u t t e r  p o i n t  a t  the  expense o f  about 5 to  10 f l u t t e r  m a t r i x  evalua- 
t i o n s .  
o b t a i n  the f l u t t e r  boundary for  the  case o f  a good i n i t i a l  guess and a poor 
i n i t i a l  guess. The CPU t imes f o r  one f l u t t e r  e igenvalue a n a l y s i s  a t  a g iven  
s e t  o f  Mach number and assumed frequency are  a l s o  shown for comparison. With 
a good i n i t i a l  guess, the  f l u t t e r  Mach number and the  f l u t t e r  frequency can be 
ob ta ined f o r  two o r  th ree  t i m e s  the cost o f  a s i n g l e  e igenana lys i s .  
p resent  procedure i s  much l e s s  expensive i n  t e r m s  of  CPU t i m e  as w e l l  as ana- 
l y s t ' s  man-hours than the  convent ional  procedure,  even though p r e c i s e  compari- 
sons have no t  been made. 

Table I 1  shows the CPU t imes on the CRAY-XMP t h a t  were r e q u i r e d  t o  

The 

However, the  pr imary  m o t i v a t i o n  for the  c u r r e n t  
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procedure has been the feasibility of automation rather than the computational 
expense. 

than one structural modes were t o  flutter in the Mach number and frequency 
range of interest for the selected intergroup phase angle mode. Under these 
circumstances, one will be forced t o  search the entire range of interest for 
the roots of the equations (7) starting with different initial guesses and this 
is not amenable to an efficient automated procedure. However, it is expected 
that such is rarely the case for tuned o r  alternately mistuned propfans. This 
is not a major limitation for two other reasons: ( 1 )  the frequency interval in 
which flutter speeds occur is usually determined early i n  the design phase and 
(2) the search domain can be considerably reduced after a few orientational 
runs. 

The current procedure may not find the lowest flutter Mach number, i f  more 

CONCLUSIONS 

A direct solution of the equations of motion is demonstrated to be a reli- 
able automated flutter analysis procedure if steady aerodynamic deformations 
are ignored. The direct solution method replaces the inner-outer iteration 
loop of the conventional procedure by a single iteration loop. A numerical 
procedure, based on an accurate and efficient approximation to the Jacobian 
matrix, is presented. The procedure is straight-forward in concept and results 
for test cases show good convergence properties. Since the procedure is itera- 
tive, it is particularly suitable for design optimization. This is because, 
as the optimal design is evolved, the flutter solution is expected t o  change 
incrementally from design to design, so that the previous solution provides 
good estimates for the current solution. 
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H and o Good Poor 

a t  a s i n g l e  MF and OF 
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i n i t i a l  i n i  t i  a1 
guessa guessa 

4.332 10.356 22.146 
(M = 0.70 ( M  = 0.45 

o = 310 H r )  o = 340 Hz) 

10.020 22.084 31.970 
(M = 0.65 (M = 0.5 

o 310 Hz) o = 340 Hz) 
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Communications of t h e  ACM, v o l .  2, no. 12, Dec. 1969, p p .  12-13. 

TABLE I .  - PROGRESS OF ITERATION 

[e = 5280 rpm, 90.75~ = 61.6O, Or = 225O.I 
~~ I Count I Conventional procedure] Present procedure 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
1 1  
12 
13 
14 
15 
16 
17 
18 

M 

0.500 
.500 
.SO0 
.SO0 
.700 
.700 
.700 
.700 
.616 
.616 
.616 
.616 
.640 
.640 
.640 
.641 
.641 

a. 641 

0 ,  
Hz 

310.0 
267.5 
268.9 
268.9 
268.9 
299.8 
298.9 
298.9 
286.3 
290.1 
290.5 
290.4 
292.9 
293.9 
294.0 
293.9 
294.1 
294.1 

0.500 

.701 

.590 

.641 

.642 

0, 
Hz 

310.0 
310.0 
313.0 
289.7 
287.7 
293.6 
294.1 

a I n i  t i a l  guesses are  given i n  parentheses. 
bttExact8t MF = 0.641 and "exact" WF = 294 Hz. 
C81Exact" MF = 0.718 and "exact" OF = 285 Hz. 
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INPUT: ROTATIONAL SPEED, BLADE GEOMETRY(1ES) 

U s 

I 
i 

RUN F IN ITE ELEMENT PROGRAM TO GET STEADY STATE 
GEOMETRY UNDER CENTRIFUGAL LOADS 

RUN F IN ITE ELEMENT PROGRAM TO GET FREQUENCIES 
AN0 MODE SHAPES OF INTEREST 

i 
ASSUME MF, UF 

CALCULATE UNSTEAOY AEROOYNAMIC LOADS 

FORMULATE AN0 SOLVE THE COMPLEX EIGENVALUE PROBLEM 

I 

I N O e  FREQUENCY ODES EQUAL ASSUMED COMPUTED 

FREQUENCY7 

1 YES 

DAMPING ZERO? 

1 YES 

FIGURE 1. - CONVENTIONAL PROPFAN FLUTTER ANALYSIS. 

PRINT 
COUNT “NO FLUTTER FOR U S  

EXCEEDED? 

I 1 No 

CONVERGED? - 
FIGURE 2. - AUTOMATED PROPFAN FLUTTER ANALYSIS 
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0 NEWTON'S METHOD 
a SECANT METHOD 
o PROPOSED METHOD 

1.6 - 
w =  
I -  t 5 1.2 0 2  5 z  
3 

5 5  .4 
$ E  z 2  

w o  

.o 
0 1 2 3 4 5 6 7  

ITERATION NUMBER 

FIGURE 3. - VARIATION OF THE ABSOLUTE VALUE 
OF THE DETERMINANT WITH ITERATION NUMBER 

(il- 5280 RPM, B0,75R= 61.6', Or=225O). 

10 - .  - 1 9  OF = 310 Hz 

A PROPOSED METHOD 

"EXACT" M 7 
0 
.10 .20 .30 .40 .50 .60 .70 .80 

ASSUMED FLUTTER MACH NUMBER, MF 

FIGURE 4. - CONVERGENCE OF DIRECT SOLUTION 
FOR VARIOUS INITIAL GUESSES AT FLUTTER 

MACH NUMBER. 

l2 r ME = 0.65 n 

1 0  YECANT;ETHO;, , , , 
0 
230 250 270 290 310 330 350 

A PROPOSED METHOD 
r "EXACT" W F  

ASSUMED FLUTTER FREQUENCY, WF(HZ) 

FIGURE 5. - CONVERGENCE OF DIRECT SOLUTION 
FOR VARIOUS INITIAL GUESSES AT FLUTTER 

FREQUENCY. 
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